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APPROXIMATION OF HOLOMORPHIC MAPPINGS ON
1-CONVEX DOMAINS
KRIS STOPAR
Abstract. Let pi : Z → X be a holomorphic submersion of a complex
manifold Z onto a complex manifold X and D ⋐ X a 1-convex domain
with strongly pseudoconvex boundary. We prove that under certain
conditions there always exists a spray of pi-sections over D¯ which has
prescribed core, it fixes the exceptional set E of D, and is dominating
on D¯ \E. Each section in this spray is of class Ck(D¯) and holomorphic
on D. As a consequence we obtain several approximation results for pi-
sections. In particular, we prove that pi-sections which are of class Ck(D¯)
and holomorphic on D can be approximated in the Ck(D¯) topology by
pi-sections that are holomorphic in open neighborhoods of D¯. Under
additional assumptions on the submersion we also get approximation
by global holomorphic pi-sections and the Oka principle over 1-convex
manifolds. We include an application to the construction of proper
holomorphic maps of 1-convex domains into q-convex manifolds.
1. Introduction
Modern methods in complex analysis are in large part based on the so-
lutions of the inhomogeneous Cauchy-Riemann equations with estimates.
Among the most important ones are the L2-method developed by Ho¨rman-
der, Kohn and others, and the method of integral operators with holomor-
phic kernels developed by Henkin, Arrelano, Lieb, Øvrelid and others. These
methods are linear and have to be modified for the use in nonlinear prob-
lems. One of such nonlinear problems is the classical Oka-Grauert theory
on the classification of holomorphic G-bundles over Stein spaces [14], [15].
The linearization of the basic problem in this theory was achieved by ap-
proximation theorems for holomorphic mappings into Lie groups, by Cartan
splitting lemma, and by the gluing method for such maps. This theory was
generalized significantly in the work of Gromov [17] to the case where Lie
groups are replaced with a much bigger class of manifolds, the so called el-
liptic manifolds, i.e., manifolds with a global dominating spray. It was in his
work that the theory of approximation and gluing of holomorphic objects
using sprays became a more general theory for the first time.
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In the recent years the theory of sprays and their applications has been
developed even further through the works of Forstnericˇ, Drinovec-Drnovsˇek,
Prezelj and others. A part of this theory is based on local sprays of sections
(which may exist in a more general setting) rather than global sprays (which
exist only on certain manifolds). Local sprays have proven to be a very useful
tool when dealing with all kinds of problems, such as:
• Oka-Grauert-Gromov theory on Stein manifolds with strongly pseu-
doconvex boundary [4],
• approximation by holomorphic mappings in a neighborhood of the
domain [4],
• construction of open Stein neighborhoods of embedded Stein sub-
varieties with strongly pseudoconvex boundary [8],
• describing the Banach manifold structure of spaces of holomorphic
mappings [8],
• new constructions of proper holomorphic mappings [5],
• new approaches to the treatment of disc functionals [6],
and many others.
In this paper we extend the technique of sprays, developed in [3], [4], [5]
and [7], to obtain some of the above results in the more general context of
1-convex manifolds. Our results extend the work of Henkin and Leiterer [19]
and Prezelj [24]. One of the highlights is the Oka principle for sections of
holomorphic fiber bundles with Oka fibers over compact 1-convex domains
with strongly pseudoconvex boundary (cf. Theorem 3.3).
The structure of the paper is the following. In Sec. 2 we recall the notion
of a (dominating) holomorphic spray of sections, and we introduce a certain
Condition E concerning the existence of sprays of sections with a given core
on a neighborhood of the exceptional set of a 1-convex manifold. The main
results of the paper are described in Sec. 3. In Sec. 4 we prove some technical
lemmas which allow us to construct a bounded linear solution operator for
the inhomogeneous ∂¯-equation for certain (0, 1)-forms on 1-convex domains
with strongly pseudoconvex boundary (Theorem 4.5). In Sec. 5 we define
1-convex Cartan pairs and prove the generalized Cartan splitting lemma for
such pairs with Ck-estimates up to the boundary (Theorem 5.2). In Sec. 6
we show how this splitting lemma can be used to glue sprays of sections over
1-convex Cartan pairs (Proposition 6.1). This gluing method is the main
tool for the rest of the article. In Sec. 7 we construct sprays of sections over
1-convex domains. In Sec. 8 we prove a local Mergelyan-type approxima-
tion result for sections of holomorphic submersions onto 1-convex domains
(Theorem 8.1, see also Theorem 3.1) and a version of the Oka principle with
approximation for sections of certain holomorphic fiber bundles on 1-convex
domains which extend smoothly to the boundary (Theorem 3.3).
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2. Sprays of sections over 1-convex domains
Let X be a complex manifold. An open relatively compact subset D of X
is said to be a 1-convex domain with strongly pseudoconvex boundary of class
Ck, k ≥ 2, if there exists an open neighborhoodW ⊂ X of the boundary ∂D
and a strictly plurisubharmonic function ϕ : W → R of class Ck such that
D ∩W = {x ∈ W ; ϕ(x) < 0}. If W can be chosen to be a neighborhood
of the whole set D¯, then D is a Stein domain with strongly pseudoconvex
boundary. Similarly, a manifold X is called 1-convex if there exists a smooth
exhaustion function ϕ : X → R which is strictly plurisubharmonic outside
a compact subset of X.
By a classical characterization of 1-convexity due to Narasimhan [23],
a 1-convex domain (or manifold) D is a proper modification of a Stein
space at a finite set of points; i.e., there exist a Stein space Y , a proper
holomorphic surjection R : D → Y with connected fibers, and a finite
set F ⊂ Y such that Y \ F is nonsingular, R : D \ π−1(F ) → Y \ F is
a biholomorphism, and R∗(OD) = OY . The map R : D → Y (or just
the space Y ) is called the Remmert reduction of D, and its degeneracy set
E := {x ∈ D; dimxR
−1(R(x)) > 0} is called the exceptional set of D.
Suppose that Z is a complex manifold. Let k ∈ {0, 1, 2, . . . ,∞}. We
shall say that a map f : D¯ → Z is of class Ak if it is of class Ck(D¯) and
holomorphic on D. We will consider sections of a surjective map π : Z → D¯
which is either the restriction to D¯ of a holomorphic submersion π : Z˜ → X
or a fiber bundle of class Ak. Let us recall the definition of such a bundle.
Definition 2.1. Let X and Y be complex manifolds, and let D ⊂ X be
a domain with Cl boundary for some l ≥ 2. A fiber bundle π : Z → D¯
with fiber Y is said to be of class Ak (k ∈ Z+) if every point z ∈ D¯ admits
a relatively open neighborhood U in D¯ and a fiber bundle isomorphism
φ : Z|U → U × Y which is of class C
k and holomorphic over U ∩D.
Let Zx := π
−1(x) denote the fiber over x ∈ D¯. For each z ∈ Z denote
by V TzZ := kerDπ(z) the tangent space to the fiber Zπ(z) at z, also called
the vertical tangent space of Z at z. The vertical tangent bundle V TZ with
fibers V TzZ is a holomorphic vector subbundle of the tangent bundle TZ.
We recall the notion of a holomorphic spray of sections; cf. Def. 5.9.1 in
[10, p. 215].
Definition 2.2. Let D ⊂ X be a domain with Cl boundary (l ≥ 2) and
0 ∈ P ⊂ CN an open set. A (local) spray of π-sections of class Ak(D) is a
Ck map f : D¯ × P → Z which is holomorphic on D × P and satisfies
π(f(x, t)) = x, x ∈ D¯, t ∈ P.
Such f is dominating on K ⊂ D¯ if the partial differential
∂t|t=0f(x, t) : T0C
N ∼= CN −→ V Tf(x,0)Z
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is surjective for every x ∈ K. We say that f fixes a subset L ⊂ D¯ if
f(x, t) = f(x, 0), x ∈ L, t ∈ P.
The π-section f0 := f(·, 0) is called the core of the spray of π-sections f . If
P = CN we say that f is a global spray of π-sections of class Ak(D).
Every global spray of sections is of course also a local spray of sections;
hence we shall omit the word ‘local’ when talking about sprays of sections
that may or may not be global.
Similarly one defines a holomorphic spray of sections over an open domain
in the base space. The domination condition will be very important in the
process of gluing sprays of sections (see Proposition 6.1). In the case of a
canonical projection π : X × Y → X we can identify π-sections with maps
from X to Y and sprays of π-sections with sprays of maps.
Sprays of sections should not be confused with the classical notion of
a spray due to Gromov [17] which we now recall. Let p : V → Z be a
holomorphic vector bundle. Denote by Vz := p
−1(z) the fiber over a point
z ∈ Z and by 0z the zero element in Vz. Notice that Vz is in a natural way
a C-linear subspace of the tangent space T0zV .
Definition 2.3. Let π : Z → X be a holomorphic submersion and D a
domain in X. A (local) π-spray on Z|D = π
−1(D) is a quadruple (V,Ω, p, s),
where p : V → Z|D is a holomorphic vector bundle, Ω ⊂ V is an open set
containing the zero section, and s : Ω→ Z|D is a holomorphic map satisfying
s(Vz) ⊂ Zπ(z), s(0z) = z, z ∈ Z|D.
Such a spray is dominating on K ⊂ Z|D if the restriction of the differential
Ds(0z) : Vz → V TzZ
is surjective for every z ∈ K. If Ω = V we say that the triple (V, p, s) is a
global π-spray on Z|D.
There exists a dominating spray of sections with a prescribed core over
any relatively compact Stein subset of X [10, Lemma 5.10.4, p. 220] (see
also Proposition 7.1 below and the preceding discussion). If X is 1-convex,
one could expect the existence of sprays which are dominating over the
complement of the exceptional set E ⊂ X. An attempt in this direction was
made in [24, §4] (see also [25, Corollary 2.6]). However, the proof in [24] is
incomplete (see Sec. 7 below or the Appendix in [11]). The main problem
is to find such sprays in a small neighborhood of E. To avoid this difficulty
we introduce the following condition.
Condition E. Let X be a 1-convex manifold with the exceptional set E.
We say that a holomorphic submersion π : Z → X satisfies Condition E
if for every open neighborhood U0 ⊂ X of E and every holomorphic π-
section f0 : U0 → Z there exists an open neighborhood U ⊂ U0 of E and
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a holomorphic spray of π-sections f : U × P → Z with core f0|U which is
dominating on U \ E and fixes E.
We expect that Condition E is always satisfied, but we are currently
unable to prove it. The most important sufficient conditions implying Con-
dition E are given by the following proposition (for the proof see Sec. 7).
Proposition 2.4. Let X be a 1-convex manifold with the exceptional set E.
(i) Let π : Z → X be a holomorphic submersion. Suppose that there ex-
ists an open neighborhood D ⊂ X of E and a π-spray (V,Ω, p, s) on
Z|D which is dominating on Z|D\E. Then π satisfies Condition E.
(ii) If Y is an elliptic manifold in the sense of Gromov [17] then the
canonical projection π : X × Y → X satisfies Condition E.
(iii) If Y is a complex manifold such that global holomorphic vector fields
on Y span the tangent space TyY at each point y ∈ Y , then the
canonical projection π : X × Y → X satisfies Condition E.
Assuming Condition E we can find sprays of sections over larger domains
as in the following theorem.
Theorem 2.5. Let D be a relatively compact 1-convex domain with strongly
pseudoconvex boundary of class Cl (l ≥ 2) and exceptional set E in a complex
manifold X, and let π : Z → D¯ be either a fiber bundle of class Ak (k ≤ l)
or the restriction to D¯ of a holomorphic submersion Z˜ → X. Suppose that
the submersion π : Z|D → D satisfies Condition E. Given a π-section
f0 : D¯ → Z of class A
k there exists a spray of π-sections f : D¯ × P → Z of
class Ak with core f0 which is dominating on D¯ \ E and fixes E.
Theorem 2.5 is proved in Sec. 7.
The only thing that is incorrect or incomplete in [24] is the proof of the
existence of a holomorphic spray of π-sections, which has prescribed core and
is dominating on the complement of the exceptional set (see Sec. 7 below for
further explanation). The existence of such sprays is now given by Theorem
2.5. Thus, under the additional assumption that the submersion π satisfies
Condition E , the results of [24] remain valid.
3. The main results
We now describe the main results of the paper on approximation of maps
over 1-convex domains. We begin with a local Mergelyan-type approxima-
tion theorem. In the case when D is a strongly pseudoconvex Stein domain
(i.e., with a trivial exceptional set), this is Theorem 1.2 in [4].
Theorem 3.1. Let D be a relatively compact 1-convex domain with strongly
pseudoconvex boundary of class Cl (l ≥ 2) and exceptional set E in a com-
plex manifold X and let Y be a complex manifold such that the canonical
projection X×Y → X satisfies Condition E. Every map f : D¯ → Y of class
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Ak (k ≤ l) can be approximated in Ck(D¯) by maps which are holomorphic
in open neighborhoods of D¯ and agree with f on E.
In Sec. 8 we extend Theorem 3.1 to sections of certain fiber bundles over
1-convex domains (see Theorem 8.1).
For an approximation result by global maps we need to make additional
assumptions on the target manifold which allows sufficient flexibility for
holomorphic maps into it. The most significant such condition is the Oka
property. The simplest of several equivalent definitions of an Oka manifold
is the following (cf. Definition 5.4.1 in [10, p. 192]).
Definition 3.2. A complex manifold Y is an Oka manifold if any holo-
morphic map from an open neighborhood of a compact convex set K ⊂ Cm
(m ∈ N) to Y can be approximated uniformly onK by entire maps Cm → Y .
This property is also referred to as the convex approximation property,
or CAP for short [10, p. 192]. It implies the full Oka principle for maps of
Stein manifolds to Y (see Theorem 5.4.4 in [10, p. 193]).
Our next result is the Oka principle with approximation for sections of
fiber bundles of class Ak with Oka fibers over compact 1-convex domains.
The analogous result in the Stein case was obtained in [4, Theorem 1.7].
The classical case of holomorphic fiber bundles with homogenous fibers over
1-convex manifolds is due to Henkin and Leiterer [19]. (For fiber bundles
over Stein manifolds see Grauert [15] and Grauert and Kerner [16].)
Theorem 3.3. Let X be a complex manifold and let D ⋐ D′ ⋐ X be bounded
1-convex domains with strongly pseudoconvex boundary of class Cl (l ≥ 2)
and the same exceptional set E. Let π : Z → D¯′ be a fiber bundle of class
Ak (k ∈ {0, 1, . . . , l}) with Oka fiber such that the submersion π : Z|D → D
satisfies Condition E. If D¯ is O(D′)-convex, then for every continuous π-
section f0 : D¯
′ → Z which is of class Ak on D¯ there exists a homotopy
ft : D¯
′ → Z of continuous π-sections of class Ak on D¯ such that ft is close
to f0 in C
k(D¯) and agrees with f0 on E for every t ∈ [0, 1], and the section
f1 is of class A
k on D¯′.
Theorem 3.3 still holds if we replace D¯ by an arbitrary compact O(D′)-
convex set K ⊂ D′ and assume that the initial section f0 is holomorphic in
a neighborhood of K. By using Theorem 3.3 inductively, we immediately
obtain the corresponding Oka principle in the open case, that is, for sections
of a holomorphic fiber bundle Z → X with Oka fiber over a 1-convex base
X (see Corollary 8.2 and compare with the main result in [24]).
A complex manifold Y of complex dimension n is said to be q-convex
if it admits a C2 exhaustion function ϕ : Y → R that is q-convex outside
some compact set K ⊂ Y (i.e., the Levi form of ϕ has at least n − q + 1
positive eigenvalues at each point of Y \ K). If K can be chosen empty
then the manifold Y is said to be q-complete. Our next theorem is another
application of the technique of gluing holomorphic sprays of maps.
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Theorem 3.4. Let X and Y be complex manifolds of complex dimensions
m and n, respectively, and let D ⋐ X be a 1-convex domain with smooth
strongly pseudoconvex boundary. Assume that the canonical projection D ×
Y → D satisfies Condition E, that 2m ≤ n, and let q ∈ {1, . . . , n− 2m+1}.
Then the following hold:
(i) If Y is q-convex then there exists a proper holomorphic map D → Y .
(ii) If Y is q-complete then every continuous map D¯ → Y that is holo-
morphic in D can be approximated, uniformly on compacts in D,
by proper holomorphic maps D → Y .
The Stein case of Theorem 3.4 can be found in [5] along with a more
general version and additional corollaries. By using the techniques developed
in this paper, the proof in [5] easily caries over to our 1-convex case.
4. Preliminaries
The following two propositions are stated in [26, Lemma 2.2 and Satz 3.2]
in a slightly weaker form.
Proposition 4.1. Let A be an analytic subset of D ⊂ CN and K ⊂ A
a compact subset possessing an open Stein neighborhood in D. Then there
exist an open neighborhood Ω ⊂ D of K and a smooth plurisubharmonic
function ψ : Ω→ R with the following properties:
(i) ψ is strictly plurisubharmonic on Ω \ A,
(ii) the Levi form of ψ is positive definite on A ∩ Ω in the directions
which are not Zariski tangent to A, and
(iii) ψ = 0 on A ∩ Ω and ψ > 0 on Ω \A.
Proof. We follow the proof of [26, Lemma 2.2]. Let I ⊂ O(D) be the
sheaf of ideals defined by A. Choose an open Stein neighborhood U ⊂
D of the compact set K (such exists by assumption). For every N -tuple
f = (f1, . . . , fN ) ∈ H
0(U,I)N we denote by J(f ; z) the complex Jacobian
of f at the point z ∈ U . For every point w ∈ U \ A there exists f ∈
H0(U,I)N with det J(f ;w) 6= 0. Indeed, by Cartan’s Theorem A there
exists f0 ∈ H
0(U,I) with f0(w) 6= 0. We set fj(z) :=
(zj−wj)f0(z)
f0(w)
for
z ∈ U , j = 1, . . . , N . Then f = (f1, . . . , fN ) has the desired property, since
J(f ;w) = Id. The analytic set B = {z ∈ U ; det J(f ; z) = 0 for all f ∈
H0(U,I)N} is contained in A∩U . Since K is compact, there exist an open
neighborhood Ω ⊂ D of K and finitely many f (1), . . . , f (q) ∈ H0(U,I)N
such that B ∩ Ω = {z ∈ U ; det J(f (j); z) = 0 for all j = 1, . . . , q}. Set
f = (f1, . . . , fm) := (f
(1), . . . , f (q)). Then the matrix J(f ; z) has maximal
rank for all points z ∈ Ω \ A. Since this does not change if we add a finite
number of elements from H0(U,I) into f = (f1, . . . , fm) we may assume
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that A ∩ Ω = {z ∈ U ; fj(z) = 0 for all j = 1, . . . ,m}. For z ∈ Ω we set
ψ(z) :=
m∑
j=1
fj(z)fj(z).
Obviously ψ is smooth, ψ = 0 on A ∩ Ω, and ψ > 0 on Ω \ A. It is easy
to see that the Levi form of ψ at a point z ∈ Ω evaluated on a vector
v ∈ CN equals |J(f ; z)v|2, hence ψ is plurisubharmonic on Ω. Moreover, ψ
is strictly plurisubharmonic on Ω \A since J(f ; z) has maximal rank there,
and its Levi form is positive definite on A ∩ Ω in the directions which are
not Zariski tangent to A. 
Proposition 4.2. Let A be an analytic subset of a domain D ⊂ CN , K ⊂ A
be a compact subset, and φ : A→ R be a strictly plurisubharmonic function
of class Ck (k ≥ 2). Then φ can be extended to a Ck strictly plurisubharmonic
function on an open neighborhood Ω ⊂ D of the set K.
Proof. The proof goes exactly as in [26, Satz 3.2.b]. It is clear from the
proof that the degree of smoothness of the extension depends on the degree
of smoothness of the starting function. 
The following lemma gives a smooth analogue for the maximum function,
which has been used by many authors (see for example [20, §4]). We adapt
it slightly for our purposes. We shall need it for the construction of a certain
Stein domain (see Proposition 4.4).
Lemma 4.3. Let ǫ > 0 and choose a convex function Aǫ : R → R of class
C∞ such that Aǫ(x) = x for x ≥ 0 and Aǫ(x) = −x − ǫ for x ≤ −ǫ. Then
the function Mǫ : R
2 → R, defined by Mǫ(x, y) =
x+y
2 + Aǫ(
x−y
2 ), has the
following properties:
(i) Mǫ(x, y) = x for x ≥ y,
(ii) Mǫ(x, y) = y − ǫ for x ≤ y − 2ǫ,
(iii) Mǫ(x, y) ≥ x and Mǫ(x, y) ≥ y − ǫ,
(iv) 0 ≤ max{x, y} −Mǫ(x, y) ≤ ǫ, and
(v) if X is a complex manifold and Φ,Ψ : X → R are strictly plurisub-
harmonic functions of class Ck (k ≥ 2) then Mǫ(Φ,Ψ) is also a
strictly plurisubharmonic function of class Ck.
Notice that Mǫ(x, y) is not symmetric in x and y. We may think of it
as a smooth maximum of x and y − ǫ. Figure 1 shows the graph of the
function Aǫ and Figure 2 shows the zero level set of the function Mǫ(Φ,Ψ)
with respect to the zero level sets of functions Φ and Ψ.
Proof. The properties (i) and (ii) clearly follow from the definitions of Aǫ
and Mǫ. Notice that max{x, y} =
x+y
2 + |
x−y
2 |. The convexity of Aǫ ensures
that Aǫ(x) ≥ x and Aǫ(x) ≥ −x− ǫ, which implies property (iii). Moreover,
we have 0 ≤ |x| − Aǫ(x) ≤ ǫ, which implies property (iv). For the proof of
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−ǫ−1 1
1
0
Aǫ
Figure 1. The function Aǫ.
property (v) set N = (Φ,Ψ). It is clear that Mǫ(Φ,Ψ) is of class C
k. Its
Levi form equals
LzMǫ(Φ,Ψ)(v) = 〈HN(z)Mǫ · ∂zN(v), ∂zN(v)〉+DN(z)Mǫ · LzN(v),
where D and H denote the differential and the Hessian operators, respec-
tively, and 〈·, ·〉 denotes the hermitian inner product. We have
HN(z)Mǫ =
1
4
A′′ǫ
(Φ(z)−Ψ(z)
2
) [
1 −1
−1 1
]
.
Since Aǫ is convex, the hessian HN(z)Mǫ is nonnegative definite. Therefore
〈HN(z)Mǫ · ∂zN(v), ∂zN(v)〉 is nonnegative. Furthermore, we have
DN(z)Mǫ =
1
2
(
1 +A′ǫ
(Φ(z)−Ψ(z)
2
)
, 1−A′ǫ
(Φ(z)−Ψ(z)
2
))
.
The convexity of Aǫ ensures that −1 ≤ A
′
ǫ ≤ 1. Therefore DN(z)Mǫ has
nonnegative entries that are not all 0. Since LzN(v) = (LzΦ(v), LzΨ(v))
T
has positive entries for v 6= 0, it follows that DN(z)Mǫ · LzN(v) is positive
for v 6= 0, which implies property (v). 
{Φ < 0}
{Ψ < 0}
{Mǫ(Φ,Ψ) < 0}
Figure 2. The zero level set of the function Mǫ(Φ,Ψ).
We now show how to ‘extend’ a Stein domain G in a Stein subvariety
Y ⊂ CN to a domain in the ambient space CN with certain properties. This
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will be helpful when dealing with 1-convex domains, since their Remmert
reduction is such a domain G.
Proposition 4.4. Let Y ⊂ CN be a Stein subvariety, G ⋐ Y a Stein domain
with strongly pseudoconvex boundary ∂G ⊂ Yreg of class C
k (k ≥ 2) and
V ⊂ G ∩ Yreg an open set. Suppose that there exists an open neighborhood
Ω′0 ⊂ C
N of V¯ and a holomorphic retraction r : Ω′0 → Y ∩Ω
′
0. Let Ω0 ⋐ Ω
′
0 be
another open neighborhood of V¯ and let Ω1 ⊂ C
N be an open neighborhood of
G¯\Ω0. Then there exists a Stein domain Ω ⋐ C
N with strongly pseudoconvex
boundary of class Ck such that r(Ω ∩ Ω0) ⊂ G ⊂ Ω ⋐ Ω0 ∪ Ω1.
Y
G
V
Ω0
Ω1
Ω
Figure 3. The domain Ω.
Proof. Since G ⊂ Y is a Stein domain with strongly pseudoconvex boundary
of class Ck, there exists a strictly plurisubharmonic function φ of class Ck
defined in an open neighborhoodW ′ ⊂ Y of the set G¯ (with isolated critical
points) such that G = {z ∈ W ′; φ(z) < 0}. We may assume that W ′ =
(Ω′0 ∪ Ω1) ∩ Y .
By Proposition 4.2 the function φ can be extended to a strictly plurisub-
harmonic function of class Ck on some open neighborhood Ω2 ⊂ C
N of the
set G¯. By Proposition 4.1 there exist an open neighborhood Ω3 ⊂ C
N of
the set G¯ and a plurisubharmonic function ψ : Ω3 → R of class C
∞ which
is strictly plurisubharmonic everywhere except on Ω3 ∩ Y in the directions
Zariski tangent to Y , such that ψ = 0 on Y ∩ Ω3 and ψ > 0 on Ω3 \ Y . We
may assume that Ω2 = Ω3 = Ω
′
0 ∪Ω1.
We define functions Φ˜ = φ◦r+ψ on Ω′0 and Ψ = φ+Mψ on Ω
′
0∪Ω1, where
the constant M will be chosen positive. The function Ψ is clearly strictly
plurisubharmonic on Ω′0∪Ω1. The same holds true for the function Φ˜ on Ω
′
0.
Indeed, the functions φ ◦ r and ψ are plurisubharmonic there, whereby ψ
is strictly plurisubharmonic everywhere except on Y in the Zariski tangent
directions, where φ ◦ r = φ is strictly plurisubharmonic.
We would now like to glue the functions Φ˜ and Ψ together using Lemma
4.3. To ensure a smooth transition we need to add a small correction to
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the function Φ˜ as follows. Choose open sets Ω0 ⋐ Ω
′′′
0 ⋐ Ω
′′
0 ⋐ Ω
′
0 and a
smooth function χ : CN → [0, 1] with compact support contained in Ω′0 \ Ω¯0
such that χ = 1 on Ω′′0 \ Ω
′′′
0 . Define a function Φ = Φ˜ − 3λχ on Ω
′
0, where
λ > 0 is chosen small enough so that Φ is still strictly plurisubharmonic. By
choosing M large enough we want to ensure that
(4.1) Ψ(z) > Φ(z) + 2λ for all z ∈ Ω′′0 \Ω
′′′
0 and
(4.2) {z ∈ Ω0; Ψ(z) ≤ δ} is a compact set for all small enough δ > 0.
Note that for z ∈ Y ∩ (Ω′′0 \Ω
′′′
0 ) we have Ψ(z) = φ(z) and Φ(z) = φ(z)− 3λ
(independently of M). Thus (4.1) holds for all z in some open neighbor-
hood U ⊂ CN of the set Y ∩ (Ω′′0 \ Ω
′′′
0 ) (the bigger the M the bigger the
neighborhood). Moreover, the compactness of (Ω′′0 \ Ω
′′′
0 ) \ U and the pos-
itivity of ψ on this set ensure that (4.1) will hold for all M big enough.
To prove (4.2) choose an open neighborhood W ⋐ Ω0 ∪ Ω1 of the set
G¯ = {z ∈ W ′; φ(z) ≤ 0} and define δ′ = 12 max{φ(z); z ∈ Y ∩ ∂W} > 0.
Note that for z ∈ Y ∩ ∂W we have Ψ(z) = φ(z) ≥ 2δ′. Thus Ψ > δ′ on
some open neighborhood U ′ ⊂ CN of the set Y ∩ ∂W (the bigger the M the
bigger the neighborhood). Moreover, the compactness of ∂W \ U ′ and the
positivity of ψ on this set ensure that for all big enough M we have Ψ > δ′
on ∂W and thus (4.2) holds for all δ ≤ δ′.
Now fix an M so that Ψ satisfies (4.1) and (4.2). For ǫ > 0 let Mǫ be
as in Lemma 4.3. Choose an ǫ > 0 such that ǫ < λ, δ′. Define the function
Mǫ(Φ,Ψ) on Ω
′′
0 as in (v) of Lemma 4.3. Due to (4.1) and (ii) of Lemma 4.3
this function coincides with the function Ψ− ǫ on Ω′′0 \Ω
′′′
0 so we can extend
it to Ω1 \ Ω
′′
0 with Ψ− ǫ.
Set Ω˜ = {z ∈ Ω0 ∪ Ω1; Mǫ(Φ(z),Ψ(z)) < 0}. We clearly have Ω˜ ⊂ {z ∈
Ω0 ∪ Ω1; Ψ(z) < ǫ} due to (iii) of Lemma 4.3. Thus (4.2) ensures that
Ω˜ ⋐ Ω0 ∪ Ω1. Notice that for z ∈ Y ∩ Ω
′′
0 we have Ψ(z) = φ(z) and Φ(z) ≤
φ(z), thus Mǫ(Φ(z),Ψ(z)) ≤ φ(z) due to (iv) of Lemma 4.3. Moreover, for
z ∈ Y ∩ (Ω1 \ Ω
′′′
0 ) we have Ψ(z) − ǫ = φ(z) − ǫ < φ(z). This implies that
G ⊂ Ω˜. Lastly, by (iii) of Lemma 4.3 we haveMǫ(Φ(z),Ψ(z)) ≥ Φ(z) = Φ˜(z)
for z ∈ Ω0 and since by construction r maps {z ∈ Ω0; Φ˜(z) < 0} into G
we get r(Ω˜ ∩ Ω0) ⊂ G. If the boundary ∂Ω˜ is smooth (i.e., the extended
function Mǫ(Φ,Ψ) has no critical points on ∂Ω˜) then Ω˜ is a Stein domain
with strongly pseudoconvex boundary of class Ck and we may take Ω = Ω˜.
In general this will be true so we need to slightly perturb Ω˜ to satisfy this
last desired property while making sure that the other properties remain
valid.
Set V = Ω′′0 \ suppχ. Notice that by construction the function Mǫ(Φ,Ψ)
has no critical points on the set ∂Ω˜ ∩ Y ∩ V¯ . Hence the same holds true
on some compact neighborhood K ⊂ Ω′′0 of this set. By Morse lemma (see
[21, Chapter VII, Lemma 8.5]) we can approximate the extended function
Mǫ(Φ,Ψ) arbitrarily closely by another strictly plurisubharmonic function
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ρ of class Ck which has only isolated critical points, such that ρ =Mǫ(Φ,Ψ)
on K. Lastly, to get rid of the critical points on the boundary, we slightly
dent the domain {z ∈ Ω0 ∪ Ω1; ρ(z) < 0} inwards at each critical point on
the boundary (see for example the domain D− in Main lemma 2.7 and Fig.
1 in [19] on pages 79–80) to get the domain Ω. If the approximation was
close enough and the dents were small enough then the domain Ω still has
all the desired properties. 
For a domain D in a complex manifold X we denote by Cl0,1(D¯) the set
of all (0, 1)-forms whose coefficients are in Cl(D¯). Given an open subset
U ⊂ D we denote by C0,1(D¯;U) the set of all (0, 1)-forms whose coefficients
are in C(D¯) with support in U¯ . The sets D and U may have some common
boundary.
The following proposition gives a bounded linear solution operator for the
inhomogeneous ∂¯-equation for ∂¯-closed forms from C0,1(D¯;U). The classical
Stein version of this result is due to Lieb, Range and Siu (see [10, p. 56,
Theorem 2.5.3] and references therein).
Proposition 4.5. Let D be a relatively compact 1-convex domain with
strongly pseudoconvex boundary of class Ck (k ≥ 2) in a complex manifold X,
and let U ⊂ D be a Stein domain whose closure U¯ does not intersect the ex-
ceptional set of D. Then there exists a linear operator T : C0,1(D¯;U)→ C(D¯)
with the following properties:
(i) if f ∈ C0,1(D¯;U) ∩ C
1
0,1(D) and ∂¯f = 0 then ∂¯(Tf) = f ,
(ii) if f ∈ C0,1(D¯;U) ∩ C
l
0,1(D) for some l ∈ {0, . . . , k} then
‖Tf‖Cj,1/2(D¯) ≤M‖f‖Cj
0,1(D¯)
, j ∈ {0, . . . , l}.
The constant M depends only on D, Uand j.
Proof. The idea is to take the Remmert reduction R : D′ → Y of a slightly
larger 1-convex domain D′ ⊃ D¯, embed the Stein space Y into CN , and
then use Proposition 4.4 to find a Stein domain Ω ⊂ CN with strongly
pseudoconvex boundary such that Ω ∩ Y = R(D), which will allow us to
extend forms from C0,1(R(D);R(U)) to Ω¯. This will reduce our problem to
the Stein case for which the result is already known.
By definition there exist an open neighborhood W ⊂ X of the boundary
∂D and a strictly plurisubharmonic function ϕ : W → R of class Ck such
that D∩W = {z ∈W ; ϕ(z) < 0} and ϕ has no critical points on ∂D. Thus,
for ǫ > 0 small enough, the domain D′ := {z ∈ W ; ϕ(z) < ǫ} ∪D ⊂ X is
also a 1-convex domain whose exceptional set is the same as that of D.
Let R : D′ → Y be the Remmert reduction. Denote by E the excep-
tional set of D and set G := R(D), V := R(U), F := R(E). Then G is a
Stein domain with strongly pseudoconvex boundary of class Ck, V is a Stein
domain, and Y has only isolated singularities contained in F . Each form
α ∈ Cj0,1(D¯;U) can be naturally identified with a form in C
j
0,1(G¯;V ). Indeed,
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since R : D′ \E → Y \F is a biholomorphism, the push-forward R⋆α is well
defined on G¯ \ F . Moreover, since α has support in U¯ , R⋆α has support
in V¯ and can therefore be extended with 0 across F (since F ∩ V¯ = ∅).
Thus R⋆ : C0,1(D¯;U) → C0,1(G¯;V ) is a well defined linear operator which
commutes with ∂¯. Moreover, it preserves norms and degree of smoothness
of the forms.
By classical results (see [1], [22]) there exists a proper holomorphic em-
bedding i : Y → CN (for some N). We shall identify Y with its image
i(Y ). According to the tubular neighborhood theorem due to Docquier and
Grauert (see [2] or [10, p. 67, Theorem 3.3.3]) there exists an open (tubular)
neighborhood Ω′0 ⊂ C
N of V¯ and a holomorphic retraction r : Ω′0 → Y ∩Ω
′
0.
Choose an open neighborhood Ω0 ⋐ Ω
′
0 of V¯ and an open neighborhood
Ω1 ⊂ C
N of G¯ \ Ω0 such that r(Ω1 ∩Ω0) ∩ V¯ = ∅.
By Proposition 4.4 there exists a Stein domain Ω ⋐ CN with strongly
pseudoconvex boundary of class Ck such that r(Ω∩Ω0) ⊂ G ⊂ Ω ⋐ Ω0∪Ω1.
Every (0, 1)-form α ∈ Cj0,1(G¯;V ) can be extended to a (0, 1)-form P (α) ∈
Cj0,1(Ω¯;V
′), where V ′ = r−1(V ) ∩ Ω, by setting P (α) = r⋆α (the pull-back)
on Ω¯∩Ω0 and P (α) = 0 on Ω¯∩Ω1. Indeed, by the choice of Ω1 the definitions
coincide on the intersection Ω¯∩Ω0∩Ω1 and since r is holomorphic P (α) is a
(0, 1)-form. Notice that P : C0,1(G¯;V )→ C0,1(Ω¯;V
′) is a linear operator that
commutes with ∂¯. Moreover, it preserves norms and degree of smoothness of
the forms. Now we are in a position to use a result due to Lieb, Range and
Siu (see [10, p. 56, Theorem 2.5.3]) which gives us a bounded linear solution
operator to the ∂¯-equation T˜ : C0,1(Ω¯)→ C(Ω¯). Let S : C(Ω¯)→ C(G¯) be the
restriction operator S(α) = α|G¯. The operator
T = R⋆ ◦ S ◦ T˜ ◦ P ◦R⋆ : C0,1(D¯;U)→ C(D¯)
then enjoys the desired properties. 
Remark 4.6. It would be of some interest to know if a solution operator
with the analogous properties could be found for (0, 1)-forms whose coeffi-
cients vanish only in some small fixed neighborhood of the exceptional set
of D, or even for (0, 1)-forms whose coefficients vanish only along the ex-
ceptional set of D to some high enough order. To prove the proposition for
the forms of the first kind using the same method we would need to have a
tubular neighborhood of the set G¯ \W , where W is a neighborhood of the
set F . However, according to [27, Theorem 7.1] this would actually mean
that G has no singularities. So this would only work for 1-convex domains
D whose Remmert reduction is a Stein manifold.
5. A generalized Cartan splitting lemma
In this section we prove a version of the generalized Cartan lemma for
1-convex Cartan pairs with estimates up to the boundary (see Theorem
5.2). The definition of a 1-convex Cartan pair is the following (compare
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with Definitions 2.1 and 2.6 in [19]; for the definition of a Cartan pair in the
standard Stein case see [10, p. 209, Definition 5.7.1]).
Definition 5.1. A pair (D0,D1) of domains in a complex manifold X is a
1-convex Cartan pair of class Ck if it satisfies the following conditions:
(i) D0, D1 and D0 ∪D1 are relatively compact 1-convex domains with
strongly pseudoconvex boundary of class Ck, and D0 ∩D1 is a rela-
tively compact Stein domain with strongly pseudoconvex boundary
of class Ck,
(ii) D0 \D1 ∩D1 \D0 = ∅,
(iii) the exceptional set E of D0 ∪D1 does not intersect D0 ∩D1.
We say that D1 is a convex bump on D0 if, in addition to the above, there
exists a biholomorphic map from an open neighborhood of D¯1 onto an open
set in Cn (n = dimCX) that maps D1 and D0 ∩ D1 onto strongly convex
domains.
D0 D1D0 ∩D1
E
Figure 4. A 1-convex Cartan pair (D0,D1).
Note that the set D1 in the definition of a convex bump is of course Stein.
The following theorem is a 1-convex version of the generalized Cartan
splitting lemma found in [3, Theorem 3.2] (see also [10, Proposition 5.8.1]).
Theorem 5.2. Let (D0,D1) be a 1-convex Cartan pair of class C
l (l ≥ 2)
in a complex manifold X. Set D0,1 = D0 ∩ D1 and D = D0 ∪ D1. Given
a bounded open convex set P ∈ CN containing the origin and a number
r ∈ (0, 1) there exists a number ǫ > 0 satisfying the following. For every
map γ : D¯0,1 × P → C
N of class Ak (k ∈ {0, 1 . . . , l}) of the form
γ(x, t) = t+ c(x, t), x ∈ D¯0,1, t ∈ P,
with ‖c‖Ck(D¯0,1×P ) < ǫ, there exist maps α : D¯0 × rP → C
N and β : D¯1 ×
rP → CN of class Ak and of the form
α(x, t) = t+ a(x, t), x ∈ D¯0, t ∈ rP,
β(x, t) = t+ b(x, t), x ∈ D¯1, t ∈ rP,
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depending smoothly on γ, satisfying the condition
γ(x, α(x, t)) = β(x, t), x ∈ D¯0,1, t ∈ rP
and the estimates
‖a‖Ck(D¯0×rP ) ≤M‖c‖Ck(D¯0,1×P ),
‖b‖Ck(D¯1×rP ) ≤M‖c‖Ck(D¯0,1×P ),
where the constant M depends only on D. If c vanishes to order m ∈ Z+
along t = 0 then so do a and b. Moreover, if X ′ is a closed analytic subset
of X that does not intersect D¯0,1 we can insure that a and b vanish to any
given finite order along (X ′ ∩ D¯0)× rP and (X
′ ∩ D¯1)× rP , respectively.
Denote by Ar, Br and Cr the Banach spaces of maps D¯0 × rP → C
N ,
D¯1 × rP → C
N and D¯0,1 × rP → C
n, respectively, which are of class Ak
and have finite Ck norm.
We first prove the following lemma (cf. [10, p. 212, Lemma 5.8.2]).
Lemma 5.3. Assume the hypotheses of Theorem 5.2. There exist bounded
linear operators A : Cr → Ar and B : Cr → Br satisfying
φ = Aφ− Bφ, φ ∈ Cr.
If φ vanishes to order m ∈ Z+ along t = 0 then so do Aφ and Bφ. If
moreover X ′ ⊂ X is a closed analytic subset that does not intersect D¯0,1,
then we can insure that Aφ and Bφ agree with Id to any given finite order
along (X ′ ∩ D¯0)× rP and (X
′ ∩ D¯1)× rP , respectively.
Proof. The proof is essentially the same as in [10, p. 212]. Because of the
condition (ii) in Definition 5.1 there is a smooth function χ : X → [0, 1]
such that χ = 0 in a neighborhood of D0 \D1 and χ = 1 in a neighborhood
of D1 \D0. Thus for any φ ∈ Cr the product χ(x)φ(x, t) extends to a
Ck function on D¯0 × rP which vanishes on D0 \D1 × rP , and the product
(χ(x) − 1)φ(x, t) extends to a Ck function on D¯1 × rP which vanishes on
D1 \D0 × rP . Moreover, we have
∂¯x(χφ(·, t)) = φ(·, t)∂¯χ on D0,
∂¯x((χ− 1)φ(·, t)) = φ(·, t)∂¯χ on D1.
Here φ(·, t) ∂¯χ extends to a (0, 1)-form on D¯ of class Ck which depends
holomorphically on the parameter t.
Choose functions f1, . . . , fl ∈ O(X) that vanish to order m along the sub-
variety X ′ and have no common zeros on D¯0,1. Since D0,1 is by assumption a
Stein domain with strongly pseudoconvex boundary, Cartan’s division the-
orem (see [10, p. 54, Corollary 2.4.4]) gives holomorphic functions g1, . . . , gl
in some neighborhood U of D¯0,1 such that
∑l
j=1 fjgj = 1 on U . Notice that
gjφ(·, t)∂¯χ is a family of ∂¯-closed (0, 1)-forms on D¯ with support in D¯0,1
that depend holomorphically on the parameter t. Moreover, by the condi-
tion (iii) in the Definition 5.1 D¯0,1 does not intersect the exceptional set
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of D. According to Proposition 4.5 there exists a bounded linear solution
operator T : C0,1(D¯;D0,1)→ C(D¯) to the ∂¯-equation. For φ ∈ Cr we set for
every t ∈ rP :
(Aφ)(x, t) := χ(x)φ(x, t) −
l∑
j=1
fj(x)T (gjφ(·, t) ∂¯χ)(x), x ∈ D¯0,
(Bφ)(x, t) := (χ(x)− 1)φ(x, t) −
l∑
j=1
fj(x)T (gjφ(·, t) ∂¯χ)(x), x ∈ D¯1.
Clearly φ = Aφ− Bφ on D¯0,1 × rP . Since T is the solution operator to the
∂¯-equation (with respect to variable x) and it commutes with derivations
with respect to variables t ∈ CN , we have ∂¯x(Aφ) = 0, ∂¯x(Bφ) = 0 and
∂¯t(Aφ) = 0, ∂¯t(Bφ) = 0 in the interior of the respective domains. Also,
the choice of the functions f1, . . . , fl ensures the vanishing of Aφ and Bφ
to order m along (X ′ ∩ D¯0) × rP and (X
′ ∩ D¯1) × rP , respectively. The
boundedness of A and B follows from boundedness of T . 
Proof of Theorem 5.2. Fix a number R ∈ (r, 1) and set γ0(x, t) = t. Let A
and B be as in Lemma 5.3. For γ ∈ C1 close to γ0 and φ ∈ Cr close to 0 we
define a map Ψ(γ, φ) with values in CN by setting
Ψ(γ, φ)(x, t) = γ(x, t+Aφ(x, t)) − (t+ Bφ(x, t)), x ∈ D¯0,1, t ∈ rP.
Then (γ, φ) 7→ Ψ(γ, φ) is a smooth map from an open neighborhood of
(γ0, 0) in the Banach space C1 × Cr to the Banach space Cr. Indeed, Ψ is
obviously continuous, it is linear in the variable γ, and its partial derivative
with respect to φ equals
(∂φΨ(γ, φ)τ)(x, t) = ∂tγ(x, t+Aφ(x, t)) · Aτ(x, t)− Bτ(x, t).
This is again linear in γ and continuous due to the following Cauchy esti-
mates in the variable t,
sup{|∂µx∂
ν+1
t γ(x, t)|; |µ|+ |ν| ≤ k, x ∈ D¯0,1, t ∈ RP} ≤ C‖γ‖Ck(D¯0,1×P ),
which take care of the ∂tγ part. Similar argument applies to higher order
derivatives of Ψ.
According to Lemma 5.3 we have
Ψ(γ0, φ) = Aφ− Bφ = φ,
hence ∂φΨ(γ0, φ) is the identity map. By the implicit function theorem there
exists a smooth map γ 7→ Φ(γ) from an open neighborhood of γ0 in CR to
an open neighborhood of 0 in Cr satisfying Φ(γ0) = 0 and Ψ(γ,Φ(γ)) = 0.
The maps
αγ(x, t) = t+A ◦Φ(γ)(x, t), βγ(x, t) = t+ B ◦Φ(γ)(x, t)
satisfy all the conclusions in the theorem. 
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6. Gluing method
The following proposition is what we have in mind when we talk about
gluing sprays of sections. It is one of the most important tools in this
theory. The standard Stein case was obtained in [3, Proposition 4.3] (see
also [4, Proposition 2.4] and [10, p. 216, Proposition 5.9.2]).
Proposition 6.1. Let (D0,D1) be a 1-convex Cartan pair of class C
l (l ≥ 2)
in a complex manifold X. Set D0,1 = D0 ∩ D1 and D = D0 ∪ D1. Let
π : Z → D¯ be either a fiber bundle of class Ak (k ≤ l) or the restriction
to D¯ of a holomorphic submersion Z˜ → X. Given a spray of π-sections
f : D¯0 × P0 → Z of class A
k which is dominating on D¯0,1, there exists an
open set 0 ∈ P ⊂ P0 such that the following hold:
(i) for every spray of π-sections g : D¯1 × P0 → Z of class A
k which
is sufficiently close to f in Ck(D¯0,1 × P0) there exists a spray of π-
sections f˜ : D¯×P → Z of class Ak which is close to f in Ck(D¯0×P )
(with respect to the Ck(D¯0,1×P0) distance between f and g), whose
core f˜0 is homotopic to f0 on D¯0 and to g0 on D¯1,
(ii) if f and g agree to order m ∈ Z+ along D¯0,1 × {0} then we can
ensure that f˜ agrees to order m with f along D¯0 × {0} and with g
along D¯1 × {0}, and
(iii) if σ is a zero set of finitely many Ak(D0) functions and σ∩D¯0,1 = ∅
then we can ensure that f˜0 agrees with f0 to order m along σ.
We begin with a lemma which gives us a transition map between a pair
of nearby sprays of sections. (Compare with [3, Proposition 4.4] and [10, p.
216, Proposition 5.9.3].)
Lemma 6.2. Assume the hypotheses of Proposition 6.1. Let ǫ > 0. There
exists an open (convex) set P1 ⊂ P0 containing the origin such that if f and
g are sufficiently close in Ck(D¯0,1×P0) there exists a map γ : D¯0,1×P1 → C
N
of class Ak satisfying
γ(x, t) = t+ c(x, t), ‖c‖Ck(D¯0,1×P1) < ǫ,
f(x, t) = g(x, γ(x, t)), x ∈ D¯0,1, t ∈ P1.
If f and g agree to order m ∈ Z+ along D¯0,1 × {0} then γ can be chosen of
the form γ(x, t) = t+
∑
|J |=m cJ(x, t)t
J with cJ ∈ A
k(D0,1 × P1)
N .
Proof. Denote by E the subbundle of D¯0,1 × C
N with fibers
Ex = ker(∂t|t=0f(x, t) : C
N → V Tf(x,0)Z), x ∈ D¯0,1.
Notice that E is a fiber bundle of class Ak. By Theorem B for such fiber
bundles, due to Heunemann [18], there exists a subbundle E′ of D¯0,1 × C
N
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of class Ak such that D¯0,1 × C
N = E ⊕ E′. For each x ∈ D¯0,1 and t ∈ C
N
we write t = tx ⊕ t
′
x ∈ E ⊕ E
′. The map
∂t|t=0f(x, t) : E
′ → V TZ|f0(D¯0,1)
is an isomorphism. By the implicit function theorem there is an open (con-
vex) set P1 ⊂ P0 containing the origin such that for every spray of π-sections
g : D¯1 ×P0 → Z of class A
k which is sufficiently close to f in Ck(D¯0,1 ×P0)
there is a unique map
γ˜(x, t) = γ˜(x, tx ⊕ t
′
x) = tx ⊕ (t
′
x + c˜(x, t)) ∈ Ex ⊕ E
′
x
∼= CN
of class Ak(D¯0,1×P1) satisfying f(x, γ˜(x, t)) = g(x, t), where ‖c˜‖Ck(D¯0,1×P1)
is controlled by the Ck(D¯0,1 × P0) distance between f and g. Shrinking P1
if necessary, the map γ˜ has a fiberwise inverse γ(x, t) = tx ⊕ (t
′
x + cˆ(x, t)) =
t+ c(x, t), which satisfies all the conclusions in the lemma. 
Proof of Proposition 6.1. Let the open (convex) set P1 ⊂ P0 and the map
γ(x, t) = t+ c(x, t) be as in Lemma 6.2. Let P = rP1 with r ∈ (0, 1). If g
is sufficiently close to f in Ck(D¯0,1 × P0) then c is sufficiently close to 0 in
Ck(D¯0,1 × P1) and by Theorem 5.2 there exist maps α : D¯0 × P → C
N and
β : D¯1 × P → C
N of class Ak satisfying
γ(x, α(x, t)) = β(x, t), x ∈ D¯0,1, t ∈ P.
Combining this with the equality
f(x, t) = g(x, γ(x, t)), x ∈ D¯0,1, t ∈ P1
from Lemma 6.2 we get
f(x, α(x, t)) = g(x, γ(x, α(x, t))) = g(x, β(x, t)), x ∈ D¯0,1, t ∈ P.
Therefore the maps f(x, α(x, t)) and g(x, β(x, t)) amalgamate into a spray
of π-sections f˜ : D¯ × P → Z which has the desired properties. 
7. Existence of sprays
In this section we prove Theorem 2.5.
The most common way to obtain sprays, and sprays of sections, is the
following. Suppose that Z|D admits finitely many vertical holomorphic vec-
tor fields Vj , j = 1, . . . , N (i.e., holomorphic sections of the bundle V TZ|D),
whose flows φjt exist (and are holomorphic) for all sufficiently small times
t ∈ P ⊂ C. Then the map s : Z|D × P
N → Z defined by
s(z; t1, . . . , tN ) = φ
N
tN
◦ . . . ◦ φ1t1(z)
is a π-spray on Z|D. We have ∂tjs(z; 0, . . . , 0) = Vj(z). If the vector fields
Vj span V TZ at each point z ∈ K ⊂ Z|D then the spray is dominating
on K. Similarly, for every holomorphic π-section f0 : D → Z the map
f : D × PN → Z, defined by
f(x; t1, . . . , tN ) = s(f0(x); t1, . . . , tN ) = φ
N
tN
◦ . . . ◦ φ1t1 ◦ f0(x),
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is a holomorphic spray of π-sections with core f0 which is dominating on
f−10 (K). Moreover, if all the flows φ
j
t are stationary on L ⊂ Z|D then f
fixes f−10 (L). If the vector fields Vj are complete (in the sense that their
flows exist for all times t ∈ C) then the sprays defined above are global. For
the construction of f we only need vector fields Vj to be defined on some
neighborhood of the graph f0(D) ⊂ Z|D. In the case where D is a Stein
domain such vector fields can always be constructed using Cartan’s theorem
A applied on a Stein neighborhood of the set f0(D). Hence we have the
following proposition. (For a stronger version and a detailed proof see [10,
p. 220, Lemma 5.10.4]; for the case with boundary see [4, Corollary 4.2] and
[3, Lemma 4.2].)
Proposition 7.1. Let D be a relatively compact domain in a Stein manifold
S and π : Z → S a holomorphic submersion. Given a holomorphic π-section
f0 : S → Z there exists a holomorphic spray of π-sections f : D × P → Z
with core f0|D which is dominating on D.
Assume now that X is a complex manifold and D ⋐ X is a 1-convex
domain with Cl (l ≥ 2) boundary and exceptional set E. Suppose π :
Z → D¯ is either a fiber bundle of class Ak (k ≤ l) or the restriction of a
holomorphic submersion Z˜ → X. In either case each point z ∈ Z admits
an open neighborhood Ω ⊂ Z isomorphic to U × V where U is a relatively
open subset of D¯ and V is an open subset of Cm, such that in coordinates
z = (x, y) ∈ U × V the map π is just the projection (x, y) → x. Such Ω will
be called a special coordinate chart on Z.
Given a π-section f0 : D¯ → Z of class A
k we would like to find a spray
of π-sections f : D¯ × P → Z of class Ak with core f0 which is dominating
on D¯ \ E and fixes E. The main problem is to find such a spray in some
neighborhood of the exceptional set E.
An attempt in this direction was made in [24, §4] (see also [25, Corollary
2.6]) by following the method described above. In this case the set f0(D) of
course does not have a Stein neighborhood (in most cases it does not even
have a 1-convex neighborhood). Hence we have to consider the set D\g−1(0)
instead of D, where g : D → C is a holomorphic function which vanishes on
E. The set D\g−1(0) is then Stein and we have a Stein neighborhood Ω ⊂ Z
for f0(D\g
−1(0)). However, given a vector field V on Ω as above, its flow may
not exist (stay in Ω) for all small times since Ω may be very thin (in the fiber
direction) close to f(g−1(0)). One of the main contributions of [24] is the
construction of neighborhoods Ω that are conic along f0(g
−1(0)), meaning
that the width of Ω in the fiber direction decreases at most polynomially
with the distance from f0(g
−1(0)). This is still not enough for the flow
to be defined for all small times. Additionally, we would need the vector
field V to grow at most polynomially when approaching the boundary of Ω;
this is what is missing in [24]. Having such a vector field we would then
consider the vector field GnV , where G is a fiberwise constant extension of
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the function g (which we think of as a function on f0(D)). For n big enough
this vector field would then have the flow defined for all small times and
this flow could be extended across f0(g
−1(0)) by identity. A finite number
of such vector fields would generate the vertical tangent bundle V TZ on
Ω. Hence, the corresponding spray of sections would be dominating outside
g−1(0) and would fix g−1(0). With some additional work we could correct
such a spray to be dominating outside E and fix E.
At the moment we do not know how to construct vector fields with at most
polynomial growth. To avoid this difficulty we have introduced Condition E
(see §2) which explicitly guarantees the existence of sprays of sections with
desired properties in small neighborhoods of the exceptional set E.
The most important sufficient conditions implying Condition E are given
by Proposition 2.4 which we now prove.
Proof of Proposition 2.4. (i) Let U0 ⊂ X be an open neighborhood of E and
f0 : U0 → Z a holomorphic π-section. Choose an open 1-convex neighbor-
hood U ⋐ U0 ∩D of E. We may consider V |f0(U) as a holomorphic vector
bundle over U .
We claim that there exist finitely many holomorphic sections W1, . . . ,WN
of the vector bundle V |f0(U) → U which span Vf0(x) for each x ∈ U \ E
and vanish on E. This can be seen by the following argument. Denote
by F the coherent analytic sheaf of germs of sections of the vector bundle
V |f0(U) → U and let R : U → S be the Remmert reduction of U . Since R
is a proper holomorphic map, the direct image sheaf R∗F is also a coherent
analytic sheaf by Grauert’s direct image theorem. Since S is Stein, we
can apply Cartan’s Theorem A to find a finite number of global sections
s˜1, . . . , s˜N ∈ R∗F(U) which locally generate R∗F on U and vanish on the
finite set R(E). These sections give rise to the corresponding global sections
s1, . . . , sN ∈ F(U). The restriction R : U \ E → S \ R(E) of the Remmert
reduction is a biholomorphism. Hence, for each x ∈ U \ E the stalk Fx is
isomorphic to the stalk (R∗F)R(x). This implies that the sections s1, . . . , sN
locally generate F on U \ E. These sections correspond to holomorphic
sections W1, . . . ,WN of the vector bundle V |f0(U) → U which span Vf0(x) for
each x ∈ U \ E and vanish on E.
For a sufficiently small open set 0 ∈ P ⊂ CN the map
f(x, t) = s
( N∑
j=1
tjWj(x)
)
, x ∈ U, t ∈ P
is a holomorphic spray of π-sections with core f0|U . We have
∂tj |t=0f(x, t) = Ds(0f0(x))Wj(x).
Since the vector fields W1, . . . ,WN span Vf0(x) at each point x ∈ U \E and
the π-spray s is dominating on Z|D\E we see that f is dominating on D \E.
Moreover, f fixes E since W1, . . . ,Wj vanish on E.
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(ii) By definition, a complex manifold Y is elliptic if (and only if) it
admits a global dominating spray in the sense of Definition 2.3 with respect
to the constant map Y → {∗}. It is then clear that the canonical projection
X × Y → X also admits a global dominating spray. Therefore (ii) is just a
special case of (i).
(iii) Let U0 ⊂ X be an open neighborhood of E and f0 : U0 → Y a
holomorphic map. Fix an open neighborhood U ⋐ U0 of E. Since f0(U¯) ⊂ Y
is a compact set, the assumption on Y gives finitely many global holomorphic
vector fields V1, . . . , VN on Y that span the tangent space TyY at each point
y ∈ f0(U¯ ). Denote by φ
j
t the flow of Vj . The map f : U × P
N → Y defined
by
f(x; t1, . . . , tN ) = φ
j
tN
◦ . . . ◦ φ1t1(f0(x))
is a holomorphic spray of maps with core f0|U . We have
∂tj |t=0f(x, t) = Vj(f0(x)).
By the choice of the vector fields this means that f is dominating on U ;
however, it does not necessarily fix E. To accommodate for this we choose
finitely many holomorphic functions g1, . . . , gM ∈ O(U) such that their com-
mon zero set is exactly E. We then replace each term φjtj in the definition of
f by a composition of M terms φj
tj,kgk(x)
for k = 1, . . . ,M . The new spray
of maps is then dominating on U \E and fixes E. 
We now turn to the proof of Theorem 2.5. We shall use the standard
technique of ‘extending’ the spray of sections step by step to bigger and
bigger domains in the base manifold until we reach D¯. The initial spray of
sections is provided by Condition E . The main step in the proof will be to
show how to ‘extend’ a spray of sections across a 1-convex Cartan pair. By
‘extending’ we actually mean to approximate a spray of sections, defined
over a smaller set in the base manifold, by a spray of sections defined over
a bigger set in the base manifold. We follow the proof in [4] which pertains
to the Stein case. In each step we will need to ensure that the new spray of
sections has core f0, it fixes E, and (most importantly) is still dominating
outside E. The parameter set 0 ∈ P ⊂ CN of the sprays of sections will be
allowed to shrink around 0 at every step.
Proposition 7.2. Let (D0,D1) be a 1-convex Cartan pair of class C
l (l ≥ 2)
in a complex manifold X such that D¯1 is contained in some coordinate chart
on X. Set D0,1 = D0∩D1 and D = D0∪D1 and denote by E the exceptional
set of D0. Let π : Z → D¯ be either a fiber bundle of class A
k (k ≤ l) or
the restriction to D¯ of a holomorphic submersion Z˜ → X. Let f0 : D¯ → Z
be a π-section of class Ak and f : D¯0 × P0 → Z (0 ∈ P0 ⊂ C
N) a spray of
π-sections of class Ak with core f0|D¯0 which is dominating on D¯0 \ E and
fixes E. Suppose that f0(D¯1) is contained in a special coordinate chart on
Z. If N ≥ dimC Z then there exist an open set 0 ∈ P ⊂ P0 and a spray of
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π-sections F : D¯ × P → Z of class Ak, with core f0, which is dominating
on D¯ \ E and fixes E. Moreover, F can be chosen as close as desired to f
in Ck(D¯0 × P ).
Proof. Let m and M denote the complex dimensions of X and Z, respec-
tively. We may assume that D¯1 is a domain in C
m, that P0 is a polydisc, and
that f(D¯0,1 × P0) and f0(D¯1) are contained in the same special coordinate
chart Ω ⊂ Z, Ω ∼= D¯1 × V . Then we have
f(x, t) = (x, f˜(x, t)), x ∈ D¯0,1, t ∈ P0,
f0(x) = (x, f˜0(x, t)), x ∈ D¯1, t ∈ P0.
By Taylor expansion in the variable t ∈ CN we have
f˜(x, t) = f˜0(x) +
N∑
j=1
gj(x)tj +
N∑
j,k=1
hj,k(x, t)tjtk, x ∈ D¯0,1, t ∈ P0
for some maps hj,k : D¯0,1 × P0 → C
M−m of class Ak. Set
Lx(t) =
N∑
j=1
gj(x) tj .
Then Lx = ∂t|t=0f˜(x, t) : C
N → CM−m is a linear map for all x ∈ D¯0,1.
Chose a polydisc 0 ∈ P ′ ⋐ P0 and apply Mergelyan’s theorem to approxi-
mate maps hj,k in C
k(D¯0,1 × P¯
′) by entire maps hˆj,k : C
m × CN → CM−m.
Similarly we approximate maps gj in C
k(D¯0,1) by entire maps gˆj : C
m →
C
M−m. Thus for every x ∈ Cm we get a linear map
Lˆx : C
N → CM−m, Lˆx(t) =
N∑
j=1
gˆj(x)tj .
We may assume that this map is surjective for every x ∈ D¯1. Indeed, the
set Q of all non-surjective linear maps in Hom(CN ,CM−m) has codimension
N − (M −m) + 1 (this follows for example from [10, p. 324, Lemma 7.9.2]).
Applying the basic transversality theorem (see [10, p. 317, Theorem 7.8.5]) to
the map x→ Lˆx gives the desired result provided that N−(M−m)+1 > m,
which is true by assumption. Transversality in this case means that the
image of the map does not intersect Q.
Consider the map
G˜(x, t) = f˜0(x) + Lˆx(t) +
N∑
j,k=1
hˆj,k(x, t)tjtk, x ∈ D¯1, t ∈ C
N .
Choose an open set 0 ∈ P1 ⊂ P
′ such that the image G˜(D¯1×P1) is contained
in V . Then the map G : D¯1 × P1 → Z defined by G(x, t) = (x, G˜(x, t)) is a
spray of π-sections of class Ak with core f0|D¯1 which is dominating on D¯1
and close to f in Ck(D¯0,1 × P1) (we may have to shrink P1). We can now
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apply Proposition 6.1 to glue these two sprays together into a final spray
F : D¯ × P → Z which has all the desired properties. 
Notice that the condition N ≥ dimC Z is only needed for the dominability
of the final spray.
Proof of Theorem 2.5. Choose a plurisubharmonic function φ : V → [0,∞)
of class Cl, defined on an open neighborhood V of D¯, which is strictly
plurisubharmonic outside E, it satisfies E = {x ∈ V ; φ(x) = 0}, D =
{x ∈ V ; φ(x) < c} for some c > 0, and has only isolated critical values
different from c.
Condition E (see Sec. 2) provides us with an open neighborhood U ⊂ D
of E and a holomorphic spray of π-sections f : U × P → Z (0 ∈ P ⊂ CN )
with core f0|U which is dominating on U \ E and fixes E. We may assume
that N ≥ dimC Z, otherwise we just add a few variables and make the spray
independent of them. Choose a number c0 > 0 which is a regular value of φ
such that D0 = {x ∈ V ; φ(x) ≤ c0} ⊂ U .
By [19, Corollary 2.8] there exists a finite sequence of 1-convex domains
D1 ⊂ D2 ⊂ . . . ⊂ Dm = D such that for each j = 1, . . . ,m we have
Dj = Dj−1 ∪ Bj where (Dj−1, Bj) is a 1-convex Cartan pair of class C
l.
Moreover, we can ensure that for every j = 1, . . . ,m the set B¯j in contained
in some coordinate chart on X and the set f0(B¯j) is contained in some
special coordinate chart on Z.
Using Proposition 7.2 applied inductively to (Dj−1, Bj), j = 1, . . . ,m, we
can extend the spray of π-sections f from D¯0 to D¯1, from D¯1 to D¯2, and so
on until we reach D¯m = D¯. 
As an immediate corollary to Theorem 2.5 we get the version without
boundary.
Corollary 7.3. Let X be a 1-convex manifold with the exceptional set E,
D ⊂ X a relatively compact domain containing E, and π : Z → X a
holomorphic submersion which satisfies Condition E. Given a holomorphic
π-section f0 : X → Z there exists a holomorphic spray of π-sections f :
D × P → Z with core f0|D which is dominating on D \ E and fixes E.
8. Approximation of sections
We are now ready to prove the main results stated in Sec. 3 and to obtain
some generalizations. We follow the methods developed in [4] for the case of
Stein domains, combined with the technique of sprays over 1-convex domains
developed in the previous sections. We begin with a local Mergelyan-type
approximation result analogous to [4, Theorem 5.1].
Theorem 8.1. Let D be a relatively compact 1-convex domain with strongly
pseudoconvex boundary of class Cl (l ≥ 2) and exceptional set E in a complex
manifold X, and let π : Z → X be a holomorphic submersion which satisfies
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Condition E (see Sec. 2). Every π-section f : D¯ → Z of class Ak (k ≤ l)
can be approximated in Ck(D¯) by π-sections which are holomorphic in open
neighborhoods of D¯ and agree with f on E. Moreover, the approximating
π-sections can be chosen homotopic to f on D¯ through a homotopy of π-
sections of class Ak(D) which agree with f on E.
Proof. The proof is practically the same as in [4] and we include it for the
sake of completeness. Let m and M denote the complex dimensions of X
and Z respectively. Denote by pr1 : C
m×CM−m → Cm, pr2 : C
m×CM−m →
C
M−m the coordinate projections and by B ⊂ Cm, B′ ⊂ CM−m the unit
balls. Since π is a holomorphic submersion, there exist for each point z ∈ Z
open neighborhoods z ∈W ⊂ Z, π(z) ∈ V = π(W ) ∈ X and biholomorphic
maps Φ : W → B ×B′, φ : V → B such that
Φ(z) =
(
φ(π(z)), φ′(z)
)
∈ B ×B′, z ∈W,
where φ′ = pr2 ◦Φ. Such (W,Φ) is called a special coordinate chart on Z.
Fix a π-section f : D¯ → Z of class Ak. By Narasimhan’s lemma on local
convexification we can find finitely many special coordinate charts (Wj,Φj)
on Z, j = 1, . . . , J , with Vj = π(Wj) and Φj = (φ1 ◦ π, φ
′
j) as above, such
that {Vj ; j = 1, . . . , J} is a covering for ∂D which does not intersect E and
we have
(i) φj(∂D ∩ Vj) is a strongly convex hypersurface in B,
(ii) f(D¯ ∩ Vj) ⊂Wj and φ′j(f(D ∩ Vj)) ⊂ B
′.
Choose a number 0 < r < 1 such that the sets Uj := φ
−1
j (rB), j = 1, . . . , J ,
still cover ∂D.
By induction we shall construct a sequence D = D0 ⊂ D1 ⊂ . . . ⊂ DJ ⋐
X of 1-convex domains with strongly pseudoconvex boundary of class Cl
(and the same exceptional set) and π-sections fj : D¯j → Z of class A
k, with
f0 = f , such that fj is close to fj−1 in C
k(Dj−1) and agrees with f on E
for every j = 1, . . . , J . To keep the induction going we will insure that the
property (ii) will remain valid for (Dj , fj) in place of (D, f). Due to this
fact the domain Dj will in general depend on C
0(D¯j−1) distance between fj
and fj−1 and it will be chosen so that
Dj−1 ⊂ Dj ⊂ Dj−1 ∪ Vj, ∂Dj−1 ∩ Uj ⊂ Dj.
Thus the final domain DJ will contain D¯ in its interior and the final section
fJ will approximate f as close as desired in C
k(D¯) and agree with f on E.
All the steps in the induction are the same, so we only need to explain
how to get (D1, f1) from (D, f). We first find a domain D
′
1 ⊂ V1 with C
l
boundary which is a convex bump on D such that D¯ ∩ U¯1 ⊂ D
′
1. Choose a
smooth function χ : Cm → [0, 1] with compact support contained in B such
that χ = 1 on rB. Let τ : B → R be a strictly convex defining function
of class Cl for the hypersurface φj(∂D ∩ Vj). We may assume it has no
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critical points. Choose r0 ∈ (r, 1) close to 1 such that the hypersurface
{τ = 0} = φj(∂D ∩ Vj) intersects the sphere ∂(r0B) transversally. Choose
δ > 0 small enough so that τ − δχ is still a strictly convex function without
critical points. By rounding off the corners of the domain r0B∩{τ−δχ < 0}
(i.e. intersection of {τ − δχ = 0} with ∂(r0B)) we get a domain D
′′
1 such
that the domain D′1 = φ
−1(D′′1) has the desired properties (see Figure 5).
∂DD′1 ∂D1
V1
U1
Figure 5. The domains D′1 and D1 (modified from [4, Fig. 1]).
By Theorem 2.5 there exists a spray of π-sections F : D¯ × P → Z (0 ∈
P ⊂ CN ) of class Ak with core f |D¯ which is dominating on D¯ \ E and
fixes E. Shrinking P around 0 if necessary we may assume that property
(ii) remains valid for Ft in place of f for all t ∈ P . By using the special
coordinate chart (W1,Φ1) we can find an open set Ω ⊂ V1 containing D¯
′
1∩D¯
and a holomorphic spray of π-sections G : Ω× P0 (0 ∈ P0 ⊂ P ) with image
contained in W1 which is close to F in C
k(D¯′1 ∩ D¯×P0). This is done in the
same way as in the proof of the Proposition 7.2 except that we also need
to approximate the first coefficient of the Taylor expansion (since f = F0
is only defined on D¯). Since the image of this new coefficient needs to stay
insideW1 it may happen that Ω is only a small neighborhood of D¯
′
1∩ D¯ and
does not contain the whole D¯′1.
We would like to use Proposition 6.1 to glue the sprays of π-sections F
and G into a single spray of π-sections. We can not do this directly since
their domains do not form a 1-convex Cartan pair. However, we can still use
Lemma 6.2 to find a transition map γ : D¯′1 ∩ D¯×P1 → C
N (0 ∈ P1 ⊂ P0) of
class Ak between F and G which is close to γ0(x, t) = t in C
k(D¯′1 ∩ D¯) and
satisfies F (x, t) = G(x, γ(x, t)) for x ∈ D¯′1 ∩ D¯, t ∈ P1. Theorem 5.2 applied
to γ on the 1-convex Cartan pair (D¯, D¯′1) furnishes a set 0 ∈ P2 ⊂ P1 and
maps α : D¯ × P2 → C
N , β : D¯′1 × P2 → C
N of class Ak which are close
to γ0 in C
k(D¯), Ck(D¯′1), respectively, and satisfy γ(x, α(x, t)) = β(x, t) for
x ∈ D¯′1 ∩ D¯, t ∈ P2. The sprays of π-sections F (x, α(x, t)) and G(x, β(x, t))
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then amalgamate into a single spray of π-sections defined on D¯ ∪ (D¯′1 ∩ Ω)
which is close to F in Ck(D¯×P2) and fixes E. The core of this new spray of
π-sections, which we denote by f1, is a π-section of class A
k which is close
to f in Ck(D¯) and agrees with f on E.
It remains to restrict f1 to a suitably chosen 1-convex domain D1 ⋐ X
contained in D¯ ∪ (D¯′1 ∩ Ω) which satisfies all the required properties. We
choose D1 such that it agrees with D outside V1 and
D1 ∩ V1 = φ
−1
1 ({τ − ǫχ < 0})
for a 0 < ǫ < δ. By choosing ǫ > 0 small enough we ensure that properties
(i) and (ii) are satisfied for (D1, f1). This concludes the induction step.
Notice that despite the fact that we were not able to use Proposition 6.1
directly we were still able to use the same technique to obtain the approx-
imating π-section. Hence we also get that the approximating π-section is
homotopic to f on D¯ through a homotopy of π-sections of class Ak(D) which
agree with f on E. 
The domains of the approximating sections in Theorem 8.1 must in gen-
eral shrink to D¯. If we wish to get approximation result by global sections
(as in Theorem 3.3) we need to make additional assumptions. To avoid
topological obstructions we assume that the initial section can be extended
continuously to a global one. More importantly we will need to assume that
the submersion π is in fact a fiber bundle with Oka fiber (see Definition 3.2).
This will compensate for the fact that the initial π-section (core of the spray
of π-sections) is not holomorphic on the domain where we want to extend
the spray of π-sections.
The next result is a direct corollary of Theorem 8.1 and the main result
in [24]. However, it also follows from our main Theorem 3.3 (independently
of [24]) by a simple induction argument, which we sketch in the proof.
Corollary 8.2. Let X be a 1-convex manifold with exceptional set E and
D ⋐ X be a 1-convex domain with Cl (l ≥ 2) boundary and O(X)-convex
closure such that E ⊂ D. Let π : Z → X be a holomorphic submersion
which satisfies Condition E such that π : Z|X\D¯ → X \ D¯ is a holomorphic
fiber bundle with Oka fiber. For every continuous π-section f0 : X → Z of
class Ak (k ≤ l) on D¯ there exists a homotopy ft : X → Z of continuous
π-sections of class Ak on D¯ such that ft is close to f0 in C
k(D¯) and agrees
with f0 on E for every t ∈ [0, 1], and f1 is holomorphic on X.
Proof (sketch). For simplicity we assume that π : Z → X is a holomorphic
fiber bundle with Oka fiber over the whole manifold X. Choose a smooth
exhaustion function φ : X → R which is strictly plurisubharmonic Morse
function outside E such that φ > 0 on D¯. Choose a sequence of numbers
0 < c1 < c2 < . . . which are not critical values of φ such that limj→∞ cj =∞.
Set D0 := D and Dj := {x ∈ X; φ(x) < cj} for j ∈ N. We divide the
parameter interval [0, 1] of the homotopy into subintervals Ij = [tj, tj+1]
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with tj = 1 − 2
−j , j = 0, 1, 2, . . .. Fix an ǫ > 0. We shall construct a
homotopy of continuous π-sections ft : X → Z (t ∈ [0, 1)) such that for
every j = 0, 1, 2, . . . and t ∈ Ij the π-section ft is of class A
k on D¯j , agrees
with f0 on E, and satisfies
sup
t∈Ij
‖ft − ftj‖Ck(D¯j) < 2
−j−1ǫ.
The limit section f1 := limt→1 ft : X → Z is then holomorphic on X and ǫ
close to f0 in C
k(D¯).
We assume inductively that the homotopy has already been constructed
for t ∈ [0, tj ] and explain how to construct it for t ∈ Ij . The continuous
π-section ftj : X → Z is of class A
k on D¯j. By using Theorem 3.3 for a pair
of domains Dj ⋐ Dj+2 ⋐ X we find a homotopy of continuous π-sections
f˜t : D¯j+2 → Z for t ∈ Ij which has all the desired properties, except that it
is not yet defined on the whole X. It is easy to correct this homotopy to a
global one, keeping it unchanged on D¯j+1 and at t = tj. Just take a smooth
function χ : X → [0, 1] with compact support contained in Dj+2 such that
χ = 1 on D¯j+1 and define
ft(x) := f˜tχ(x)+tj (1−χ(x))(x).

Corollary 8.2 is an ’open’ version of Theorem 3.3 where the closed base
domain D¯′, over which the fiber bundle is defined, is replaced by a manifold
X (without boundary).
We now proceed to the proof of Theorem 3.3. The ideas are similar as
in the proof of the existence of sprays of sections. We ‘thicken’ the initial
section into a spray of sections and then extend it to bigger and bigger
domains in the base manifold. There will be two major steps in the proof:
we will need to explain how to extend across a convex bump and across a
critical point. The main difference is that before the initial section (the core
of the spray of sections) was already defined and holomorphic on the bigger
domain where we wanted to extend the spray of sections. Now this will not
be the case, hence we will not be able to keep it fixed.
Proposition 8.3. Let (D0,D1) be a 1-convex Cartan pair of class C
l (l ≥ 2)
in a complex manifold X, where D1 is a convex bump on D0. Set D0,1 =
D0 ∩D1 and D = D0 ∪D1 and denote by E the exceptional set of D0. Let
π : Z → D¯ be either a fiber bundle of class Ak (k ≤ l) or the restriction
of a holomorphic submersion Z˜ → X, such that π : Z|D0 → D0 satisfies
Condition E and π : ZD¯1 → D¯1 is a trivial fiber bundle with Oka fiber. For
every continuous π-section f0 : D¯ → Z of class A
k on D¯0 there exists a
homotopy ft : D¯ → Z of continuous π-sections of class A
k on D¯0 such that
ft is close to f0 in C
k(D¯0) and agrees with f0 on E for every t ∈ [0, 1], and
f1 is of class A
k on D¯.
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Proof. By Theorem 2.5 there exists a spray of π-sections F : D¯0 × P → Z
of class Ak with core f which is dominating on D¯0 \ E and fixes E. Using
the trivialization Z|D¯1
∼= D¯1 × Y (Y is the fiber) we can write
F (x, t) = (x, F˜ (x, t)) ∈ D¯0,1 × Y, x ∈ D¯0,1, t ∈ P.
By the definition of a convex bump we may assume that D0,1 and D1 are
strongly convex domains in Cm. Choose a polydisc 0 ∈ P0 ⋐ P . For 0 < λ <
1 the map F˜λ(x, t) = F˜ (λx, t) is holomorphic in
1
λ
D0,1×P ⊃ D¯0,1× P¯0. If λ
is chosen close enough to 1 than F˜λ is as close as desired to F˜ in C
k(D¯0,1×P ).
Since Y is an Oka manifold we can approximate F˜λ in C
k(D¯0,1 × P¯0) by an
entire map G˜ and set
G(x, t) = (x, G˜(x, t)) ∈ D¯1 × Y, x ∈ D¯1, t ∈ P.
If the above approximations are close enough we can use Proposition 6.1
to glue the sprays of π-sections F and G into a single spray of π-sections
H : D¯×P1 → Z (0 ∈ P1 ⊂ P0) of class A
k which is close to F in Ck(D¯0×P1)
and fixes E. The core H0 =: f1 of this spray of π-sections is than of class
Ak on D¯, close to f0 in C
k(D¯0), and agrees with f0 on E. Moreover, f1 is
homotopic to f0 on D¯0 through a homotopy with desired properties. It is
not hard to see that this homotopy extends to D¯. For details see [12]. 
Proposition 8.4. Let Z be a complex manifold, X a 1-convex manifold
with the exceptional set E, and π : Z → X a holomorphic submersion which
satisfies Condition E. Let D ⋐ X be a 1-convex domain with E ⊂ D and
let M ⊂ X be a C1 totally real submanifold such that D¯ and D¯ ∪M are
compact O(X)-convex subsets. Given an open neighborhood U ⊂ X of D¯,
a continuous π-section f : U ∪ M → Z which is holomorphic on U , an
ǫ > 0, and a k ≥ 0, there exists an open neighborhood V ⊂ X of D¯∪M and
holomorphic π-section g : V → Z which agrees with f on E and is ǫ close to
f in Ck(D¯) and C(M). Moreover, g can be chosen homotopic to f through
a homotopy of π-sections which are holomorphic in neighborhoods of D¯ and
continuous in neighborhoods of M .
Proof. Choose an open neighborhood U0 ⋐ U of D¯. By Corollary 7.3 there
exists a holomorphic spray of π-sections F : U0 × P → Z with core f |U0
which is dominating on U0 \E and fixes E. Shrinking U0 and P if necessary
we can extend the spray F continuously to M × P .
By a standard result (see for example [10, p. 72, Corollary 3.5.2]) the set
B := M \D ⊂ X has a basis of Stein neighborhoods. On the other hand the
set D¯ ∪M has a basis of 1-convex neighborhoods. For D Stein (i.e., E =
∅) this was proved in [7, Theorem 3.1] by gluing certain plurisubharmonic
functions (see also [10, p. 78, Theorem 3.7.1]). The same proof applies in
our 1-convex case, since the gluing takes place only in a neighborhood of the
set M ∩ ∂D, i.e., away from the exceptional set E.
APPROXIMATION OF HOLOMORPHIC MAPPINGS ON 1-CONVEX DOMAINS 29
Fix a Stein neighborhood Ω ⋐ X of B with smooth strictly pseudoconvex
boundary such that Ω¯ ∩ E = ∅. Moreover, fix a 1-convex neighborhood
D0 ⋐ U0 of D¯ with smooth strictly pseudoconvex boundary. SetK := D¯0∩Ω¯
and S := K∪B. Now we can use [7, Theorem 3.2] to approximate the spray
of π-sections F , which is holomorphic over a neighborhood U0 of K and
continuous over B, by a spray of π-sections G : Ω0 × P0 → Z (0 ∈ P0 ⋐ P ),
which is holomorphic over some neighborhood Ω0 of S and close to F in
Ck(K × P0) and C(B × P0). If the approximation is close enough then the
core G0 is homotopic to f = F0 through a homotopy of π-sections which are
holomorphic in a neighborhood of K and continuous in a neighborhood of
B.
It remains to glue the sprays of π-sections F and G into a single spray of π-
sections. To do this choose a 1-convex neighborhood V of D¯∪M with smooth
strictly pseudoconvex boundary such that V ⋐ D0∪(Ω∩Ω0). By smoothing
the corners of V ∩ D0 we get a 1-convex domain A and by smoothing the
corners of V ∩Ω we get a Stein domain B. This two domains form a 1-convex
Cartan pair (A,B) of class C∞ with A ∪ B = V , D ⋐ A ⋐ U0, B ⋐ Ω0,
and A ∩ B ⊂ K. Using Proposition 6.1 we can now glue the sprays of π-
sections F |A¯×P0 and G|B¯×P0 into a single spray of π-sections H : V¯ ×P1 → Z
(0 ∈ P1 ⊂ P0). Its core g := G0|V is then a holomorphic π-section which
satisfies all the conclusions in the proposition. 
Proof of Theorem 3.3. First we show that we may assume f0 to be holomor-
phic in some open neighborhood U ⊂ D′ of D¯. If this is not the case, we can
use Theorem 8.1 to find a π-section g holomorphic in an open neighborhood
U0 ⊂ D
′ of D¯ which is close to f in Ck(D¯) and agrees with f0 on E. More-
over, if the approximation is close enough and U0 is chosen small enough
then g is homotopic to f0 on U0 through a homotopy gt : U0 → Z of contin-
uous π-sections which are of class Ak on D¯ and agree with f0 on E. Choose
a smooth function χ : X → [0, 1] with compact support contained in U0
such that χ = 1 in an open neighborhood U of D¯. Define g˜t(x) := gtχ(x)(x).
This is a homotopy of global continuous π-sections which are of class Ak on
D¯ and agree with f0 on E, such that g˜1 is holomorphic on U ⊂ D¯. Thus we
can replace f0 by g˜1.
The assumptions guarantee that there exists a strictly plurisubharmonic
function φ of class Cl defined on an open neighborhood V ⊂ X of D¯′ \ D
which satisfies D ∩ V ⊂ {x ∈ V ; φ(x) < 0} ⋐ U and D′ ∩ V = {x ∈
V ; φ(x) < 1}. Moreover, we may assume that φ is a Morse function with
nice critical points p1, . . . , pJ ∈ V (in the sense of Def. 3.9.2 in [10, p. 89])
such that 0 < φ(p1) < . . . < φ(pJ) < 1. Choose a sequence of numbers
0 < c1 < . . . < c2J < 1 such that c2j−1 < φ(pj) < c2j for every j = 1, . . . , J
and define c0 := 0, c2J+1 = 1. Denote Dj = D ∪ {x ∈ V ; φ(x) < cj},
j = 0, . . . , 2J + 1. Divide the parameter interval [0, 1] of the homotopy into
subintervals Ij = [tj, tj+1], j = 0, . . . , 2J , with tj =
j
2J+1 , j = 0, . . . , 2J + 1.
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We shall construct a homotopy ft : D¯
′ → Z of π-sections such that for
every j = 0, . . . , 2J and t ∈ Ij the π-section ft is of class A
k on D¯j, agrees
with f0 on E, and is
ǫ
2J+1 close to ftj in C
k(D¯j). Thus ft will be ǫ close to
f0 in C
k(D¯) for every t ∈ [0, 1].
We assume inductively that the homotopy has already been constructed
for t ∈ [0, tj ] and explain how to construct it for t ∈ Ij = [tj , tj+1]. We
consider two cases.
The non-critical case: If j is even then φ has no critical points in D¯j+1 \Dj .
By the bumping lemma (see for example [19, Lemma 2.2] or [10, Lemma
5.10.3, p. 218]) there exists a finite sequence
Dj = Ω0 ⊂ Ω1 ⊂ . . . ⊂ Ωm = Dj+1
(where m depends on j) of 1-convex domains with strongly pseudoconvex
boundary of class Cl such that for each i = 1, . . . ,m we have Ωi = Ωi−1 ∪
Bi, where Bi is a convex bump on Ωi−1. Moreover, we can ensure that
π : Z|B¯i → B¯i is a trivial fiber bundle for every i. Using Proposition
8.3 applied inductively to Cartan pairs (Ωi−1, Bi), i = 1, . . . ,m we get the
desired homotopy on the interval [tj , tj+1].
The critical case: If j is odd then φ has a unique critical point p ∈ Dj+1\D¯j .
Denote by M the stable manifold through p of the gradient flow of φ. For
δ > 0 small enough [10, p. 96, Proposition 3.10.4] (see also [5, Lemma 3.1])
gives a strictly plurisubharmonic function ψ on {x ∈ V ; φ(x) < φ(p) + 3δ}
of class Cl satisfying
(i) {φ ≤ cj} ∪M ⊂ {ψ ≤ 0} ⊂ {φ ≤ φ(p)− δ} ∪M ,
(ii) {φ ≤ φ(p) + δ} ⊂ {ψ ≤ 2δ} ⊂ {φ < φ(p) + 3δ},
(iii) ψ has no critical values in (0, 3δ),
(iv) ψ = φ+ s outside some neighborhood of p for some s > δ.
b
p M
{φ = φ(p)− δ}
{φ = cj}
{ψ ≤ λ}{ψ ≤ λ}
Figure 6. The typical level set of the function ψ (modified
from [10, p. 94, Fig. 3.5]).
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We subdivide the interval Ij = [tj , tj+1] into four subintervals J1 = [tj, s1],
J2 = [s1, s2], J3 = [s2, s3], J4 = [s3, tj+1] with tj < s1 < s2 < s3 < tj+1 and
proceed in four steps.
Step 1: By the non-critical case we deform the π-section ftj to a π-section
fs1 of class A
k on D ∪ {φ ≤ φ(p) − δ2} through a homotopy ft : D¯
′ → Z
(t ∈ J1) of π-sections that has the desired properties.
Step 2: The set M \ (D∪{φ < φ(p)− δ}) is a d-dimensional totally real ball
B ⊂ X attached with its boundary (d − 1)-sphere ∂B to {φ = φ(p) − δ}.
(Here d is the Morse index of the critical point p.) We now use Proposition
8.4 to approximate the π-section fs1 in C
k(D∪{φ ≤ φ(p)−δ}) by a π-section
fs2 holomorphic in some open neighborhood W0 of D ∪ {φ ≤ φ(p)− δ} ∪B
which agrees with f0 on E. Moreover, if the approximation is close enough
andW0 is chosen small enough then fs2 is homotopic to fs1 onW0 through a
homotopy ft : W0 → Z (t ∈ J2) of holomorphic π-sections which agree with
f0 on E. As in the beginning of the proof we can correct this homotopy
to a global one, keeping it unchanged in some open neighborhood W of
D ∪ {φ ≤ φ(p)− δ} ∪B and at t = s1.
Step 3: By (i) for a small enough λ > 0 the set D ∪ {ψ ≤ λ} is contained
in W (and contains D¯j). Applying the non-critical case with the function
ψ (see (iii)) we deform the π-section fs2 to a π-section fs3 of class A
k on
D ∪ {ψ ≤ 2δ} through a homotopy ft : D¯
′ → Z (t ∈ J3) of π-sections that
has the desired properties.
Step 4: By (ii) the π-section fs3 is holomorphic in a neighborhood of the
compact set {φ ≤ φ(p) + δ}. Applying the non-critical case we deform it
to a π-section ftj+1 of class A
k on D¯j+1 through a homotopy ft : D¯
′ → Z
(t ∈ J4) of π-sections that has the desired properties.
If the approximations in all four steps were close enough then for every t ∈ Ij
the π-section ft is
ǫ
2J+1 close to ftj in C
k(D¯j). This concludes the proof of
the induction step and thus of the theorem.
Notice that we only needed π to be a fiber bundle with Oka fiber outside
of the set D¯. 
By adding a suitable topological condition on the fiber of π, which will
allow us to extend sections continuously to global ones, we get the following
corollary to Theorem 3.3. (Compare with [10, p. 233, Theorem 5.14.1].)
Corollary 8.5. Let X be a complex manifold and let D ⋐ D′ ⋐ X be 1-
convex domains with strongly pseudoconvex boundary of class Cl (l ≥ 2) and
the same exceptional set E such that D¯ is O(D′)-convex. Let π : Z → D¯′ be
a fiber bundle of class Ak (k ≤ l) whose fiber Y is an Oka manifold which
satisfies πq(Y ) = 0 for all q < dimCX. Assume also that the submersion
π : Z|D → D satisfies Condition E. Then every π-section f : D¯ → Z of
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class Ak can be approximated in Ck(D¯) by π-sections g : D¯′ → Z of class
Ak which agree with f on E.
Proof. The only place in the proof of Theorem 3.3 where we needed the
initial section to be continuous on X is when crossing a critical point p
of index d of the strictly plurisubharmonic Morse function φ (step 2 of the
critical case). At such a point we need to be able to extend a given π-section
f , defined on the sublevel set D ∪ {φ ≤ φ(p) − δ2}, continuously across a
d-dimensional totally real ball B ⊂ X attached with its boundary (d − 1)-
sphere ∂B to {φ = φ(p)− δ2}, such that D ∪ {φ ≤ φ(p)−
δ
2} ∪B is a strong
deformation retract of a sublevel set D ∪ {φ ≤ φ(p) + ǫ} for some ǫ > 0.
If δ was chosen small enough then B¯ is contained in a small neighbor-
hood of p over which π is a trivial fiber bundle with fiber Y . Using this
trivialization we can identify local π-sections with maps into Y . We see
that the required extension exists if and only if the map f : ∂B → Y is
null-homotopic. This is certainly true if πd−1(Y ) = 0, which holds by the
assumption since Morse indices of a strictly plurisubharmonic function are
never bigger than dimCX. 
Similarly we get an analogous corollary to Corollary 8.2.
Acknowledgements. I would like to thank Jasna Prezelj for helpful discus-
sions and Franc Forstnericˇ for introducing me to the problem and for useful
suggestions which helped me to improve the paper.
References
1. Bishop, E.: Mappings of partially analytic spaces. Amer. J. Math. 83, 209–242 (1961)
2. Docquier, F., Grauert, H.: Levisches Problem und Rungescher Satz fu¨r Teilgebiete
Steinscher Mannigfaltigkeiten. Math. Ann. 140, 94–123 (1960)
3. Drinovec-Drnovsˇek, B., Forstnericˇ, F.: Holomorphic curves in complex spaces. Duke
Math. J. 139, 203–254 (2007)
4. Drinovec-Drnovsˇek, B., Forstnericˇ, F.: Approximation of holomorphic mappings on
strongly pseudoconvex domains. Forum Math., 20, 817–840 (2008)
5. Drinovec-Drnovsˇek, B., Forstnericˇ, F.: Strongly pseudoconvex domains as subvarieties
of complex manifolds. Amer. J. Math., 132, 331–360 (2010)
6. Drinovec-Drnovsˇek, B., Forstnericˇ, F.: Disc functionals and Siciak-Zaharyuta ex-
tremal functions on singular varieties. Ann. Polon. Math., 106, 171–191 (2012)
7. Forstnericˇ, F.: Holomorphic submersions from Stein manifolds. Ann. Inst. Fourier
54, 1913–1942 (2004)
8. Forstnericˇ, F.: Manifolds of holomorphic mappings from strongly pseudoconvex do-
mains. Asian J. Math. 11, 113–126 (2007)
9. Forstnericˇ, F.: The Oka principle for sections of stratified fiber bundles. Pure Appl.
Math. Quarterly 6, 843–874 (2010)
10. Forstnericˇ, F.: Stein Manifolds and Holomorphic Mappings (The Homotopy Principle
in Complex Analysis). Ergebnisse der Mathematik und ihrer Grenzgebiete, 3. Folge,
vol. 56. Springer-Verlag, Berlin-Heidelberg (2011)
11. Forstnericˇ, F.; La´russon, F.: Holomorphic flexibility properties of compact complex
surfaces. Int. Math. Res. Notices IMRN (2013)
http://dx.doi.org/10.1093/imrn/rnt044
APPROXIMATION OF HOLOMORPHIC MAPPINGS ON 1-CONVEX DOMAINS 33
12. Forstnericˇ, F., Prezelj, J.: Oka’s principle for holomorphic fiber bundles with sprays.
Math. Ann. 317, 117–154 (2000)
13. Forstnericˇ, F., Prezelj, J.: Oka’s principle for holomorphic submersions with sprays.
Math. Ann. 322, 633–666 (2002)
14. Grauert, H.: Holomorphe Funktionen mit Werten in komplexen Lieschen Gruppen.
Math. Ann. 133, 450–472 (1957)
15. Grauert, H.: Analytische Faserungen u¨ber holomorph-vollsta¨ndigen Ra¨umen. Math.
Ann. 135, 263–273 (1958)
16. Grauert, H., Kerner, H.: Approximation von holomorphen Schnittfla¨chen in Faser-
bu¨ndeln mit homogener Faser. Arch. Math. 14, 328–333 (1963)
17. Gromov, M.: Oka’s principle for holomorphic sections of elliptic bundles. J. Amer.
Math. Soc. 2, 851–897 (1989)
18. Heunemann, D.: Theorem B for Stein manifolds with strictly pseudoconvex boundary.
Math. Nachr. 128, 87–101 (1986)
19. Henkin, G. M., Leiterer, J.: The Oka-Grauert principle without induction over the
basis dimension. Math. Ann. 311, 71–93 (1998)
20. Henkin, G. M., Leiterer, J.: Andreotti-Grauert theory by integral formulas. Birkha¨user,
Boston (1988)
21. Laurent-Thie´baut, C.: Holomorphic function theory in several variables: An introduc-
tion. Springer-Verlag, London (2011)
22. Narasimhan, R.: Imbedding of holomorphically complete complex spaces. Amer. J.
Math. 82, 917–934 (1960)
23. Narasimhan, R.: The Levi problem for complex spaces II. Math. Ann. 146, 195–216
(1962)
24. Prezelj, J.: A relative Oka-Grauert principle for holomorphic submersions over 1-
convex spaces. Trans. Amer. Math. Soc. 362, 4213–4228 (2010)
25. Prezelj, J., Slapar, M.: The generalized Oka-Grauert principle for 1-convex manifolds.
Mich. Math. J. 60, 495–506 (2011)
26. Richberg, R.: Stetige streng pseudoconvexe Funktionen. Math. Ann. 175, 257–286
(1968)
27. Rossi, H.: Vector fields on analytic spaces. Ann. Math. 78, 455–467 (1963)
Institute of Mathematics, Physics and Mechanics, University of Ljubljana,
Jadranska ulica 19, 1000 Ljubljana, Slovenia
E-mail address: kris.stopar@fmf.uni-lj.si
